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Abstract
We discuss the appearance of Zeno (QZE) or anti-Zeno (QAE)
effect in an exponentially decaying system. We consider the quantum
dynamics of a continuously monitored two level system interacting
with a squeezed bath. We find that the behavior of the system depends
critically on the way in which the squeezed bath is prepared. For
specific choices of the squeezing phase the system shows Zeno or anti-
Zeno effect in conditions for which it would decay exponentially if no
measurements were done. This result allows for a clear interpretation
in terms of the equivalent spin system interacting with a fictitious
magnetic field.
UNIVERSIDAD SIMO´N BOLI´VAR
1 Introduction
The suppression or modification of the rate of quantum transitions in a sys-
tem, due to successive measurements is known as the quantum Zeno effect
(QZE) [1, 2, 3]. This term has been applied both to the elimination of the
induced transitions as in the case of Rabi oscillations on a two level system,
or to the reduction of the decay rate on an unstable system. The first sit-
uation was experimentally achieved in 1990 [4] and the second one in 2001
[5].
An interesting issue in relation with the QZE is wether it appears or not
in exponentially decaying systems. In their article of 1977 Chiu, Sudarshan
and Misra [2] show that in general, an unstable system has three decaying
regimens. For short time intervals, t ≤ T1 or very large ones t ≥ T2, with T1
and T2 some time scales, the system depart from the exponentially decaying
behavior shown for T1 ≤ t ≤ T2. They also predict that frequent measure-
ments led to the QZE if the time interval between successive measurements
is shorter than T1. In the experiment of Ref. [5] for example, for short times,
the decay rate of the system is remarkably slower than exponential. This
could lead to think that QZE only occurs when the time between measure-
ments is short enough to exploit the departure from the exponential decay
law. Nevertheless in a recent article Koshino and Shimizu [6] predicted the
appearance of QZE even for systems with an exponential decay law in the
case when the detector has a finite window of sensibility. For this case they
analyze explicitly the interaction between the quantum system and the de-
tector and interpreted the changes induced by the interaction as the effect
of the measurement. They refer [7] to this analysis as the dynamical formal-
ism as opposed to the conventional formalism where the measurements are
taken as projections consistent with the quantum collapse postulate of von
Neumann.
For a closed system the theoretical description of the measurement in
terms of the projection postulate predicts a complete Zeno effect, that is the
freezing of the quantum system in the initial state. For such system with a
hamiltonian H , the evolution is determined by the Schro¨dinger equation
∂
∂t
|ψ(t)〉 = 1
i~
H |ψ(t)〉 (1)
If the observable A to be measured has eigenvalues am and supposing that
at t = 0 the system is in the eigenstate |an〉, the probability of obtaining the
1
result an for a short time interval ∆t ≥ 0 is given by,
Pn(∆t) =
(
1− ∆t
2
~2
∆2nH
)
(2)
where
∆2nH = 〈an|H 2|an〉 − 〈an|H |an〉2 (3)
If one considers S successive projective measurements separated by the same
interval ∆t the probability of obtaining in each case the same result an is:
Pn(S,∆t) =
(
1− ∆t
2
~2
∆2nH
)S
(4)
In the limit of very frequent measurements [8], that is when S >> 1, S∆t→
t the probability of measuring an every time is
P (cm)n (t) = lim
S→∞
Pn(S, t/S) = lim
S→∞
(
1− t
2
S2~2
∆2nH
)S
= 1 (5)
which corresponds to a complete Zeno effect.
For open systems in contact with the environment some limitations affect
the appearance of the QZE even if projective measurements are being done.
For time intervals which are greater than the correlation time of the bath,
the evolution may be described in terms of the density matrix by a master
equation of the Liouville type,
∂ρ
∂t
= L {ρ} . (6)
with L {ρ} some appropriate operator depending on ρ. Then, for a short
time interval ∆t, the density operator is given in terms of its initial value by
ρ(∆t) = ρ(0) + L {ρ(0)}∆t (7)
If the initial state is ρ(0) = |an〉〈an| the probability of measuring an in S
consecutive measurements separated by time intervals ∆t is,
Pn(S,∆t) = (1 + 〈an|L {ρ(0)} |an〉∆t)S ≃ (exp {〈an|L {ρ(0)} |an〉 ∆t})S (8)
In the limit S >> 1, S∆t→ t, of very frequent measurements one obtains,
P (cm)n (t) = exp {〈an|L {ρ(0)} |an〉 t} (9)
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Here the freezing of the initial condition for continuous measurements is
achieved only if
〈an|L {ρ(0)} |an〉 = 0
This illustrates the fact that in general, both the the intrinsical properties of
the system and the characteristics of the measurement affect the possibility
of displaying the quantum Zeno effect.
A related issue that we have to consider comes from the observation that
for an unstable quantum system the probability of obtaining a specific result
in a measurement may increase, decrease or even oscillate in time as the
result of its undisturbed evolution. Decay rates may also be affected by
measurements done at particular instants of time, an effect which has in
principle nothing to do with the QZE. This suggests that the interaction of
the system with a non trivial electromagnetic bath may modify the decay
rates even for an exponentially decaying system. In this paper we show that
such mechanism can be actually used to induce QZE or QAE in a two level
system. For this system interacting with a squeezed bath QZE or QAE may
appear when measuring the fictitious spin along a specific direction depending
on the relative phase of the squeezing and the chosen direction. This may be
interpreted as an effect of the orientation induced on the fictitious spin by
the fictitious magnetic field defined by the quadratic fluctuations of the true
electromagnetic field.
2 The two level system in a squeezed bath
In the rotating wave approximation the hamiltonian which better describes
the atom-field interaction has the following structure, [9, 10]:
H =
∑
k
~νka
†
k
ak +
1
2
~ωσz + ~
∑
k
gk
(
σ+ak + a
†
k
σ−
)
(10)
where gk are the atom-field couplings constants, ak and a
†
k
are the creation
and annihilation operators of the multimodal field and σ+ and σ− are the
ladder operators
σ+ =
(
0 1
0 0
)
σ− =
(
0 0
1 0
)
, (11)
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with σx, σy and σz are the Pauli matrices,
σx =
(
0 1
1 0
)
σy =
(
0 −i
i 0
)
σz =
(
1 0
0 −1
)
. (12)
If the field is prepared in a broadband squeezed vacuum state characterized
by ξ = reiφ it was demonstrated that, [9, 10]:
〈ak〉 = 〈a†k〉 = 0
〈a†
k
ak′〉δkk′ = Nδkk′
〈aka†k′〉 = δkk′ = (N + 1)δkk′
〈akak′〉 = −eiφ cosh(r) sinh(r)δk′,2k0−k = eiφMδk′,2k0−k
〈a†
k
a†
k′
〉 = −e−iφ cosh(r) sinh(r)δk′,2k0−k = e−iφMδk′,2k0−k , (13)
where N = sinh2(r), M =
√
N(N + 1). Here k0 is the wave number asso-
ciated to the resonant frequency of the squeezing device. In the interaction
picture the master equation for this system takes the form of Eq. (6) with,
L{ρ} = 1
2
γ (N + 1) (2σ−ρσ+ − σ+σ−ρ− ρσ+σ−)
1
2
γN (2σ+ρσ− − σ−σ+ρ− ρσ−σ+)
−γMeiφσ+ρσ+ − γMe−iφσ−ρσ− . (14)
Here γ is the decay constant of the system in the vacuum. This equation
may be rewritten using Bloch’s representation for the two level system density
matrix in the form,
ρ =
1
2
(1 + ρxσx + ρyσy + ρzσz) . (15)
Using Eqs. (14,15), the master equation (6) takes the form,
∂ρ
∂t
= −1
2
γ (N + 1)
(
(1 + ρz)σz +
1
2
ρxσx +
1
2
ρyσy
)
+1
2
γN
(
(1− ρz)σz − 12ρxσx − 12ρyσy
)
−1
2
γMρx(cos(φ)σx − sin(φ)σy)
+1
2
γMρy(sin(φ)σx + cos(φ)σy) (16)
4
ρx(t)/ρx(0) ρy(t)/ρy(0)
φ = 0 e−γ(N+1/2+M)t e−γ(N+1/2−M)t
φ = pi e−γ(N+1/2−M)t e−γ(N+1/2+M)t
φ = arctan
(
−ρy(0)
ρx(0)
)
e−γ(N+1/2+M)t e−γ(N+1/2+M)t
φ = arctan
(
ρx(0)
ρy(0)
)
e−γ(N+1/2−M)t e−γ(N+1/2−M)t
Table 1: Decay rates for critical angles
This is equivalent to the following differential equations for (ρx, ρy, ρz):
ρ˙x = −γ (N + 1/2 +M cos(φ)) ρx + γM sin(φ)ρy
ρ˙y = −γ (N + 1/2−M cos(φ)) ρy + γM sin(φ)ρx
ρ˙z = −γ (2N + 1/2) ρz − γ (17)
The solutions of these equations are given by,
ρx(t) =
(
ρx(0) sin
2(φ/2) + ρy(0) sin(φ/2) cos(φ/2)
)
e−γ(N+1/2−M) t
+ (ρx(0) cos
2(φ/2)− ρy(0) sin(φ/2) cos(φ/2)) e−γ(N+1/2+M) t (18)
ρy(t) = (ρy(0) cos
2(φ/2) + ρx(0) sin(φ/2) cos(φ/2)) e
−γ(N+1/2−M) t
+
(
ρy(0) sin
2(φ/2)− ρx(0) sin(φ/2) cos(φ/2)
)
e−γ(N+1/2+M) t (19)
ρz(t) = ρz(0)e
−γ(2N+1)t +
1
2N + 1
(
e−γ(2N+1)t − 1) (20)
From these expressions one can read the dependence of the decay rates of
the system on the phase φ of the squeezing. In particular, for φ = 0,
φ = pi or for the critical angles φz = 2 arctan(−ρy(0)/ρx(0)) or φAZ =
2 arctan(ρx(0)/ρy(0)), the system has a purely exponential behavior with
the decay rates presented in Table 1.
In Fig.(1) we show the dependence of ρx(t) = 〈σx〉 with the phase as given
by Eq. (18). In particular the exponential decay for the preferred values of
the phase may be observed.
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3 The origin of the critical angles
Before discussing the effect of the measurements in the evolution of the two
level system let us first explore the properties of the fictitious magnetic field
associated to the squeezed state in order to justify the decay rates for the
two critical angles appearing in Table 1.
Consider the atomic part of the Hamiltonian (10). In terms of the Pauli
matrices it takes the form,
HAtomic =
1
2
~ωσz +
1
2
~σx
∑
k
gk
(
ak + a
†
k
)
+
1
2
~σy
∑
k
igk
(
ak − a†k
)
. (21)
This can be rewritten in the form
HAtomic = −γ0B · S . (22)
where γ0 is an arbitrary constant with dimensions of charge divided by mass,
S is the fictitious spin associated to the two level system andB is the quantum
fictitious magnetic field with components,
Bx = − 1
γ0
∑
k
gk
(
ak + a
†
k
)
(23)
By = − 1
γ0
∑
k
igk
(
ak − a†k
)
(24)
Bz = − ω
γ0
. (25)
Clearly < Bx >= 0 and < By >= 0. For the quadratic fluctuations the
result is,
< B2x > =
Γ
4
(
sinh2(r) + cosh2(r)− 2 cos(θ) sinh(r) cosh(r)) (26)
= Γ
(
N +
1
2
−M cos(φ)
)
< B2y > =
Γ
4
(
sinh2(r) + cosh2(r) + 2 cos(θ) sinh(r) cosh(r)
)
(27)
= Γ
(
N +
1
2
+M cos(φ)
)
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where
Γ =
1
2γ20
∑
k
|gk|2.
Here Γ =
∑
k |gk|2 is taken to be finite, which means that only a finite subset
of the modes in the bath is coupled effectively to the system. For < B2 >
we have,
< B2 >=
Γ
2
(
sinh2(r) + cosh2(r)
)
=
Γ
2
(2N + 1) , (28)
which does not depend on φ.
These fluctuations may be represented in phase space as an ellipse whose
axis are rotated by an angle φ/2. As is illustrated in Fig. (2), the semi-axis
have magnitudes Γ (N + 1/2 +M) and Γ (N + 1/2−M).
Comparing with the results of the previous section, we can observe, that
for zero phase the decay rate for ρx = 〈σx〉 is proportional to the fluctua-
tions of the fictitious magnetic field component By and the decay rate for
ρy = 〈σy〉 is proportional to the fluctuations of Bx. Also, the decay rate for
ρz is proportional to < B
2 >. In general, for other values of the phase, the
component (ρx, ρy) of Bloch’s vector orthogonal to the major semi-axis of the
phase space ellipse used to represent the magnetic field fluctuations, has a
decay rate proportional to Γ (N + 1/2 +M) and the component orthogonal
to the minor semi-axis has a decay rate proportional to Γ (N + 1/2−M).
The phase φZ = 2 arctan (−ρy(0)/ρx(0)) defines a critical value which corre-
sponds to the case when initially the Bloch vector is orthogonal to the major
semi-axis. For this value ρx and ρy decay with the maximum rate. The com-
plementary case occurs for φAZ = 2 arctan(ρx(0)/ρy(0)) in which case ρx and
ρy decay with the minimum allowed value of the decay rate.
The fact that the decay rates for ρx and ρy coincides in both cases is
a consequence of the coupled dynamics of these two variables. But if one
measures σx, the dynamics disentangles and one would expect that the decay
rate for ρx results proportional to the fluctuations of By only , as in the cases
φ = 0 or φ = pi when there is no coupling at all. Then, we expect the Zeno
effect to occur for φZ and the anti-Zeno effect to occur for φAZ due to the
factor cos(φ) that appears in the fluctuation of By.
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4 Zeno and anti-Zeno effect
Let us now consider explicitly the effect of repeated measurements of the
observable σx in the evolution of the system prepared in a state defined by
the initial values of (ρx(0), ρy(0), ρz(0)). We suppose that the time interval
between measurements is very short, but still much greater than the corre-
lation time of the squeezed bath [11]. Then we may describe the evolution
of the system by means of a master equation of the form (6). In our analysis
we take in fact the correlation time of the squeezed bath to be zero which
corresponds to broadband squeezing. For considerations on the finite band-
width effects se Ref. [11, 12, 13]. On the experimental side squeezing with a
bandwidth of up to 1GHz has been reported [14, 15, 16].
The probability that in a very large succession of measurements, the result
obtained in all of them is the eigenvalue +1 associated to the eigenstate |+〉x
is given by,
P
(cm)
+ (t) =
(1 + ρx(0))
2
exp {x〈+|L {ρ1} |+〉xt} (29)
where ρ1 is the collapsed density matrix after the measurements and is given
by
ρ1 = |+〉xx〈+| , |+〉x = 1√
2
(|+〉+ |−〉) . (30)
The probability of Eq. (29) is obtained by multiplying the probability cor-
responding to the first measurement and the probability obtained in Eq. (9)
which is valid for the following measurements. If the system is initially in
the state |+〉x then ρx(0) = 1, ρy(0) = 0 and ρz(0) = 0, in which case Eq.
(29) is a particular case of Eq. (9).
One can show that for the squeezed bath,
x〈+|L {ρ1} |+〉x = −γ
2
(
N +
1
2
+M cos(φ)
)
. (31)
In this case Eq. (29) reduces to,
P
(cm)
+ (t, φ) =
(1 + ρx(0))
2
exp
{
−γ
2
(
N +
1
2
+M cos(φ)
)
t
}
(32)
We should compare this expression with the probability of measuring the
eigenvalue +1 by performing an unique measurement at time t
P+(t, φ) =
(1 + ρx(t))
2
. (33)
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In Fig.(3) we show that the probability P+(t, φ = 0) decays exponen-
tially to the value 1/2, that is, for t → ∞ we have the same probability
to measure any of the two eigenvalues. On the other hand the probability
P
(cm)
+ (t, φ = 0), i.e the probability to obtain the same value +1 in all the mea-
surements, decays exponentially to zero. In the same figure we can see that
the probability P
(cm)
+ (t, φ = 0) is smaller than the probability P+(t, φ = 0)
for all t. Note that, the probability of obtaining the result +1 in the last mea-
surement independently of the previous results is of course greater than the
probability of obtaining the value +1 in all the measurements. Furthermore,
if the evolution of the observable σx is not affected by the measurements,
the probability to obtain +1 in the last measurement independently of the
results of the previous measurements is equal to the probability to obtain
+1 at time t if no other measurement has been done previously. The result
shown in Fig.(3) suggest that in fact for φ = 0 the evolution of the observable
σx is not affected by the measurements.
Changing the phase it is possible to obtain a completely different result.
In Fig (4) we show that there exists a time interval for which P
(cm)
+ (t, φZ)
is greater than the P+(t, φZ). The natural explanation for this, comes from
the fact that in this case the measurements do modify the dynamics of the
observable.
To study quantitatively this effect it is necessary to work out the changes
in the master equation related to the continuous monitoring. If we have
the system described by ρ and perform measurements of σx the new density
matrix is given by,
ρ′ = PρP + (1− P )ρ(1− P ) (34)
where P = |+〉xx〈+| is the projector to the eigenvector of σx with eigenvalue
+1 and (1−P ) is the projector to the eigenvector of σx with eigenvalue −1.
Between consecutive measurements the free evolution is determined by
the free master equation. By considering the free master equation and the
collapse in the same expression, it is shown that after the first measurement
the master equation with continuous measurements takes the form,
∂ρ
∂t
= PL(ρ)P + (1− P )L(ρ)(1− P ) (35)
Let us now focus in the mean value of the measured observable 〈σx〉 = ρx(t).
The corresponding probabilities may be computed using Eq. (33). In terms
of Bloch’s vector, the master equation with continuous measurements for the
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two level system in the squeezed bath is given by the following equations,
ρ˙x = −γ(N + 1/2 +M cos(φ))ρx + γM sin(φ)ρy
ρ˙y = 0
ρ˙z = 0 (36)
Since after the first measurement the values of ρy and ρz collapse to zero, the
solutions for this system are given by ,
ρx(t) = ρx(0) exp(−γ(N + 1/2 +M cos(φ))t) (37)
ρy(t) = 0 ρz(t) = 0. (38)
As we can see from Eq. (37) in presence of very frequent measurements the
decay rate of ρx is proportional to the quantum fluctuation of By.
In Fig. (5), it can be shown the evolution of < σx > for φ = 0 with mea-
surements and without measurements. We observe that the evolution is not
affected by the measurements. This agrees with the usual assumption that
for an unstable system with exponential decay Zeno effect is not observable.
In Fig. (6) for φ = φZ , one can appreciate the reduction of the decay rate
when comparing with the not disturbed case. For the phase φ = φAZ the
rate of decaying grows and we have Anti-Zeno effect.
5 Indirect measurements
When indirect measurements are being done, the master equation with con-
tinuous monitoring of σx takes the form [8],
∂ρ
∂t
= L(ρ)− 1
T0
[ σx , [σx, ρ] ] (39)
where T0 is the coupling constant between the measuring apparatus and the
system. Writing this equation in terms of Bloch‘s vector for the two level
system in a squeezed bath we have,
ρ˙x = −γ (N + 1/2 +M cos(φ)) ρx + γM sin(φ)ρy
ρ˙y = −γ (N + 1/2−M cos(φ)) ρy + γM sin(φ)ρx − 4
T0
ρy
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ρ˙z = −γ (2N + 1/2) ρz − γ − 4
T0
ρz (40)
The limit T0 → ∞ corresponds to no measurement being done. For T0 →
0 equations (40) transform into equations (36). Then, for these kind of
measurements one obtains similar effects that those observed in the previous
section for the projective measurements.
6 Conclusion
We have presented an explicit example of a system where the appearance
of Zeno (or anti-Zeno) effect may be induced in a regime for which it would
decay exponentially if no measurements were done. Working with a two level
system in squeezed electromagnetic bath, we found that these effects may be
induced by choosing adequately the phase of the squeezing of the bath. This
result is interpreted as the natural result of the interaction of the equivalent
spin system with the fluctuating fictitious magnetic field.
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1 Introduction
The suppression or modification of the rate of quantum transitions in a sys-
tem, due to successive measurements is known as the quantum Zeno effect
(QZE) [1, 2, 3]. This term has been applied both to the elimination of the
induced transitions as in the case of Rabi oscillations on a two level system,
or to the reduction of the decay rate on an unstable system. The first sit-
uation was experimentally achieved in 1990 [4] and the second one in 2001
[5].
An interesting issue in relation with the QZE is wether it appears or not
in exponentially decaying systems. In their article of 1977 Chiu, Sudarshan
and Misra [2] show that in general, an unstable system has three decaying
regimens. For short time intervals, t ≤ T1 or very large ones, with T1 and
t ≥ T2 some time scales, the system depart from the exponentially decaying
behavior shown for T1 ≤ t ≤ T2. They also predict that frequent measure-
ments led to the QZE if the time interval between successive measurements
is shorter than T1. In the experiment of Ref. [5] for example, for short times,
the decay rate of the system is remarkably slower than exponential. This
could lead to think that QZE only occurs when the time between measure-
ments is short enough to exploit the departure from the exponential decay
law. Nevertheless in a recent article Koshino and Shimizu [6] predicted the
appearance of QZE even for systems with an exponential decay law in the
case when the detector has a finite window of sensibility. For this case they
analyze explicitly the interaction between the quantum system and the de-
tector and interpreted the changes induced by the interaction as the effect
of the measurement. They refer [7] to this analysis as the dynamical formal-
ism as opposed to the conventional formalism where the measurements are
taken as projections consistent with the quantum collapse postulate of von
Neumann.
For a closed system the theoretical description of the measurement in
terms of the projection postulate predicts a complete Zeno effect, that is the
freezing of the quantum system in the initial state. For such system with a
hamiltonian H , the evolution is determined by the Schro¨dinger equation
∂
∂t
|ψ(t)〉 = 1
i~
H |ψ(t)〉 (1)
If the observable A to be measured has eigenvalues am and supposing that
at t = 0 the system is in the eigenstate |an〉, the probability of obtaining the
2
result an for a short time interval ∆t ≥ 0 is given by,
Pn(∆t) =
(
1− ∆t
2
~2
∆2nH
)
(2)
where
∆2nH = 〈an|H 2|an〉 − 〈an|H |an〉2 (3)
If one considers S successive ideal measurements separated by the same in-
terval ∆t the probability of obtaining in each case the same result an is:
Pn(S, ∆t) =
(
1− ∆t
2
~2
∆2nH
)S
(4)
In the limit of very frequent measurements [8], that is when S >> 1, S∆t →
t the probability of measuring an every time is
P (cm)n (t) = lim
S→∞
Pn(S, t/S) = lim
S→∞
(
1− t
2
S2~2
∆2nH
)S
= 1 (5)
which corresponds to a complete Zeno effect.
For open systems in contact with the environment some limitations af-
fect the appearance of the QZE even if ideal measurements are being done.
For time intervals which are greater than the correlation time of the bath,
the evolution may be described in terms of the density matrix by a master
equation of the Liouville type,
∂ρ
∂t
= L {ρ} . (6)
with L {ρ} some appropriate operator depending on ρ. Then, for a short
time interval ∆t the density operator is given in terms of its initial value by
ρ(∆t) = ρ(0) + L {ρ(0)}∆t (7)
If the initial state is ρ(0) = |an〉〈an| the probability of measuring an in S
consecutive measurements separated by time intervals ∆t is,
Pn(S, ∆t) = (1 + 〈an|L {ρ(0)} |an〉∆t)S ≃ (exp {〈an|L {ρ(0)} |an〉 ∆t})S (8)
In the limit S >> 1, S∆t → t, of very frequent measurements one obtains,
P (cm)n (t) = exp {〈an|L {ρ(0)} |an〉 t} (9)
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Here the freezing of the initial condition for continuous measurements is
achieved only if
〈an|L {ρ(0)} |an〉 = 0
This illustrates the fact that in general, both the the intrinsical properties of
the system and the characteristics of the measurement affect the possibility
of displaying the quantum Zeno effect.
A related issue that we have to consider comes from the observation
that for an unstable quantum system the probability of obtaining a specific
result in a measurement may increase, decrease or even oscillate in time as
the result of its undisturbed evolution. Decay rates may also be affected
by measurements done at particular instants of time an effect which has in
principle nothing to do with the QZE. This suggests that the interaction of
the system with a non trivial electromagnetic bath may modify the decay
rates even for an exponentially decaying system. In this paper we show that
such mechanism can be actually used to induce QZE or QAE in a two level
system. For this system interacting with a squeezed bath QZE or QAE may
appear when measuring the fictitious spin along a specific direction depending
on the relative phase of the squeezing and the chosen direction. This may be
interpreted as an effect of the orientation induced on the fictitious spin by
the fictitious magnetic field defined by the quadratic fluctuations of the true
magnetic field.
2 The two level system in a squeezed bath
In the rotating wave approximation the hamiltonian which better describes
the atom-field interaction has the following structure, [9, 10]:
H =
∑
k
~νka
†
k
ak +
1
2
~ωσz + ~
∑
k
gk
(
σ+ak + a
†
k
σ−
)
(10)
where gk are the atom-field couplings constants, ak and a
†
k
are the creation
and annihilation operators of the multimodal field and σ+ and σ− are the
ladder operators
σ+ =
(
0 1
0 0
)
σ− =
(
0 0
1 0
)
, (11)
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with σx, σy and σz are the Pauli matrices,
σx =
(
0 1
1 0
)
σy =
(
0 −i
i 0
)
σz =
(
1 0
0 −1
)
. (12)
If the field is prepared in a squeezed vacuum state characterized by ξ = reiφ
it was demonstrated that, [9, 10]:
〈ak〉 = 〈a†k〉 = 0
〈a†
k
ak′〉δkk′ = Nδkk′
〈aka†k′〉 = δkk′ = (N + 1)δkk′
〈akak′〉 = −eiφ cosh(r) sinh(r)δk′,2k0−k = eiφMδk′,2k0−k
〈a†
k
a†
k′
〉 = −e−iφ cosh(r) sinh(r)δk′,2k0−k = e−iφMδk′,2k0−k , (13)
where N = sinh2(r), M =
√
N(N + 1). Here k0 is the wave number asso-
ciated to the resonant frequency of the squeezing device. In the interaction
picture the master equation for this system takes the form of Eq. (6) with,
L{ρ} = 1
2
γ (N + 1) (2σ−ρσ+ − σ+σ−ρ− ρσ+σ−)
1
2
γN (2σ+ρσ− − σ−σ+ρ− ρσ−σ+)
−γMeiφσ+ρσ+ − γMe−iφσ−ρσ− . (14)
Here γ is the decay constant of the system in the vacuum. This equation
may be rewritten using Bloch’s representation for the two level system density
matrix in the form,
ρ =
1
2
(1 + ρxσx + ρyσy + ρzσz) . (15)
Using Eqs. (14,15), the master equation (6) takes the form,
∂ρ
∂t
= −1
2
γ (N + 1)
(
(1 + ρz)σz +
1
2
ρxσx +
1
2
ρyσy
)
+1
2
γN
(
(1− ρz)σz − 12ρxσx − 12ρyσy
)
−1
2
γMρx(cos(φ)σx − sin(φ)σy)
+1
2
γMρy(sin(φ)σx + cos(φ)σy) (16)
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ρx(t)/ρx(0) ρy(t)/ρy(0)
φ = 0 e−γ(N+1/2+M)t e−γ(N+1/2−M)t
φ = pi e−γ(N+1/2−M)t e−γ(N+1/2+M)t
φ = arctan
(
−ρy(0)
ρx(0)
)
e−γ(N+1/2+M)t e−γ(N+1/2+M)t
φ = arctan
(
ρx(0)
ρy(0)
)
e−γ(N+1/2−M)t e−γ(N+1/2−M)t
Table 1: Decay rates for critical angles
This is equivalent to the following differential equations for (ρx, ρy, ρz):
ρ˙x = −γ (N + 1/2 + M cos(φ)) ρx + γM sin(φ)ρy
ρ˙y = −γ (N + 1/2−M cos(φ)) ρy + γM sin(φ)ρx
ρ˙z = −γ (2N + 1/2) ρz − γ (17)
The solutions of these equations are given by,
ρx(t) =
(
ρx(0) sin
2(φ/2) + ρy(0) sin(φ/2) cos(φ/2)
)
e−γ(N+1/2−M) t
+ (ρx(0) cos
2(φ/2)− ρy(0) sin(φ/2) cos(φ/2)) e−γ(N+1/2+M) t (18)
ρy(t) = (ρy(0) cos
2(φ/2) + ρx(0) sin(φ/2) cos(φ/2)) e
−γ(N+1/2−M) t
+
(
ρy(0) sin
2(φ/2)− ρx(0) sin(φ/2) cos(φ/2)
)
e−γ(N+1/2+M) t (19)
ρz(t) = ρz(0)e
−γ(2N+1)t +
1
2N + 1
(
e−γ(2N+1)t − 1) (20)
From these expressions one can read the dependence of the decay rates of
the system on the phase φ of the squeezing. In particular, for φ = 0,
φ = pi or for the critical angles φz = 2 arctan(−ρy(0)/ρx(0)) or φAZ =
2 arctan(ρx(0)/ρy(0)), the system has a purely exponential behavior with
the decay rates presented in Table 1.
In Fig.(1) we show the dependence of ρx(t) = 〈σx〉 with the phase as given
by Eq. (18). In particular the exponential decay for the preferred values of
the phase may be observed.
6
3 The origin of the critical angles
Before discussing the effect of the measurements in the evolution of the two
level system let us first explore the properties of the fictitious magnetic field
associated to the squeezed state in order to justify the decay rates for the
two critical angles appearing in Table 1.
Consider the atomic part of the Hamiltonian (10). In terms of the Pauli
matrices it takes the form,
HAtomic =
1
2
~ωσz +
1
2
~σx
∑
k
gk
(
ak + a
†
k
)
+
1
2
~σy
∑
k
igk
(
ak − a†k
)
. (21)
This can be rewritten in the form
HAtomic = −γ0 B · S . (22)
where γ0 is an arbitrary constant with dimensions of charge divided by mass,
S is the fictitious spin associated to the two level system and B is the quantum
fictitious magnetic field with components,
Bx = − 1
γ0
∑
k
gk
(
ak + a
†
k
)
(23)
By = − 1
γ0
∑
k
igk
(
ak − a†k
)
(24)
Bz = − ω
γ0
. (25)
Clearly < Bx >= 0 and < By >= 0. For the quadratic fluctuations the
result is,
< B2x > =
Γ
4
(
sinh2(r) + cosh2(r)− 2 cos(θ) sinh(r) cosh(r)) (26)
= Γ
(
N +
1
2
−M cos(φ)
)
< B2y > =
Γ
4
(
sinh2(r) + cosh2(r) + 2 cos(θ) sinh(r) cosh(r)
)
(27)
= Γ
(
N +
1
2
+ M cos(φ)
)
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where
Γ =
1
2γ20
∑
k
|gk|2.
Here Γ =
∑
k |gk|2 is taken to be finite, which means that only a finite subset
of the modes in the bath is coupled effectively to the system. For < B2 >
we have,
< B2 >=
Γ
2
(
sinh2(r) + cosh2(r)
)
=
Γ
2
(2N + 1) , (28)
which does not depend on φ.
These fluctuations may be represented in phase space as an ellipse whose
axis are rotated by an angle φ/2. As is illustrated in Fig. (2), the semi-axis
have magnitudes Γ (N + 1/2 + M) and Γ (N + 1/2−M).
Comparing with the results of the previous section, we can observe, that
for zero phase the decay rate for ρx = 〈σx〉 is proportional to the fluctua-
tions of the fictitious magnetic field component By and the decay rate for
ρy = 〈σy〉 is proportional to the fluctuations of Bx. Also, the decay rate for
ρz is proportional to < B
2 >. In general, for other values of the phase, the
component (ρx, ρy) of Bloch’s vector orthogonal to the major semi-axis of the
phase space ellipse used to represent the magnetic field fluctuations, has a
decay rate proportional to Γ (N + 1/2 + M) and the component orthogonal
to the minor semi-axis has a decay rate proportional to Γ (N + 1/2−M).
The phase φZ = 2 arctan (−ρy(0)/ρx(0)) defines a critical value which corre-
sponds to the case when initially the Bloch vector is orthogonal to the major
semi-axis. For this value ρx and ρy decay with the maximum rate. The com-
plementary case occurs for φAZ = 2 arctan(ρx(0)/ρy(0)) in which case ρx and
ρy decay with the minimum allowed value of the decay rate.
The fact that the decay rates for ρx and ρy coincides in both cases is
a consequence of the coupled dynamics of these two variables. But if one
measures σx, the dynamics disentangles and one would expect that the decay
rate for ρx results proportional to the fluctuations of By only , as in the cases
φ = 0 or φ = pi when there is no coupling at all. Then, we expect the Zeno
effect to occur for φZ and the anti-Zeno effect to occur for φAZ due to the
factor cos(φ) that appears in the fluctuation of By.
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4 Zeno and anti-Zeno effect
Let us now consider explicitly the effect of repeated measurements of the
observable σx in the evolution of the system prepared in a state defined by
the initial values of (ρx(0), ρy(0), ρz(0)). We suppose that the time interval
between measurements is very short, but still much greater than the correla-
tion time of the squeezed bath [11]. Then we may describe the evolution of
the system by means of a master equation of the form (6). In our analysis we
take the correlation time of the squeezed bath as infinite which corresponds
to broadband squeezing. For considerations on the finite bandwidth effects
se Ref. [11, 12, 13]. On the experimental side squeezing with a bandwidth
of up to 1GHz has been reported [14, 15, 16].
The probability that in a very large succession of measurements, the result
obtained in all of them is the eigenvalue +1 associated to the eigenstate |+〉x
is given by,
P
(cm)
+ (t) =
(1 + ρx(0))
2
exp {x〈+|L {ρ1} |+〉xt} (29)
where ρ1 is the collapsed density matrix after the measurements and is given
by
ρ1 = |+〉x x〈+| , |+〉x = 1√
2
(|+〉+ |−〉) . (30)
The probability of Eq. (29) is obtained by multiplying the probability cor-
responding to the first measurement and the probability obtained in Eq. (9)
which is valid for the following measurements. If the system is initially in
the state |+〉x then ρx(0) = 1, ρy(0) = 0 and ρz(0) = 0, in which case Eq.
(29) is a particular case of Eq. (9).
One can show that for the squeezed bath,
x〈+|L {ρ1} |+〉x = −γ
2
(
N +
1
2
+ M cos(φ)
)
. (31)
In this case Eq. (29) reduces to,
P
(cm)
+ (t, φ) =
(1 + ρx(0))
2
exp
{
−γ
2
(
N +
1
2
+ M cos(φ)
)
t
}
(32)
We should compare this expression with the probability of measuring the
eigenvalue +1 by performing an unique measurement at time t
P+(t, φ) =
(1 + ρx(t))
2
. (33)
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In Fig.(3) we show that the probability P+(t, φ = 0) decays exponentially
to the value 1/2, that is, for t →∞ we have the same probability to measure
any of the two eigenvalues. On the other hand the probability P
(cm)
+ (t, φ = 0),
i.e the probability to obtain the same value +1 in all the measurements,
decays exponentially to zero. In the same figure we can see that when the
probability P
(cm)
+ (t, φ = 0) is smaller than the probability P+(t, φ = 0) for all
t. That is, the probability of obtaining the result +1 in the last measurement
independently of the previous results is of course greater than the probability
of obtaining the +1 in all the measurements. In fact one can see that for
φ = 0) the probability to obtain +1 in the last measurement independently of
the results of the previous measurements is equal to the probability to obtain
+1 at time t if no other measurement has been done previously. Then, the
evolution of the observable σx is not affected by the measurements.
Changing the phase it is possible to obtain a completely different result.
In Fig (4) we show that it exists a time interval for which P
(cm)
+ (t, φZ) is
greater than the P+(t, φZ). The natural explanation for this, comes from
the fact that in this case the measurements do modify the dynamics of the
observable.
To study quantitatively this effect it is necessary to work out the changes
in the master equation related to the continuous monitoring. If we have
the system described by ρ and perform measurements of σx the new density
matrix is given by,
ρ′ = PρP + (1− P )ρ(1− P ) (34)
where P = |+〉xx〈+| is the projector to the eigenvector of σx with eigenvalue
+1 and (1−P ) is the projector to the eigenvector of σx with eigenvalue −1.
Between consecutive measurements the free evolution is determined by
the free master equation. By considering the free master equation and the
collapse in the same expression, it is shown that after the first measurement
the master equation with continuous measurements takes the form,
∂ρ
∂t
= PL(ρ)P + (1− P )L(ρ)(1− P ) (35)
Let us now focus in the mean value of the measured observable 〈σx〉 = ρx(t).
The corresponding probabilities may be computed using Eq. (33). In terms
of Bloch’s vector, the master equation with continuous measurements for the
two level system in the squeezed bath is given by the following equations,
ρ˙x = −γ(N + 1/2 + M cos(φ))ρx + γM sin(φ)ρy
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ρ˙y = 0
ρ˙z = 0 (36)
Since after the first measurement the values of ρy and ρz collapse to zero, the
solutions for this system are given by ,
ρx(t) = ρx(0) exp(−γ(N + 1/2 + M cos(φ))t) (37)
ρy(t) = 0 ρz(t) = 0. (38)
As we can see from Eq. (37) in presence of very frequent measurements the
decay rate of ρx is proportional to the quantum fluctuation of By.
In Fig. (5), it can be shown the evolution of σx for φ = 0 with mea-
surements and without measurements. We observe that the evolution is not
affected by the measurements. This agrees with the usual assumption that
for an unstable system with exponential decay Zeno effect is not observable.
In Fig. (6) for φ = φZ , one can appreciate the reduction of the decay rate
when comparing with the not disturbed case. For the phase φ = φAZ the
rate of decaying grows and we have Anti-Zeno effect.
5 Indirect measurements
When indirect measurements are being done, the master equation with al-
most continuous monitoring of σx takes the form [8],
∂ρ
∂t
= L(ρ)− 1
T0
[ σx , [σx, ρ] ] (39)
where T0 is the coupling constant between the measuring apparatus and the
system. Writing this equation in terms of Bloch‘s vector for the two level
system in a squeezed bath we have,
ρ˙x = −γ (N + 1/2 + M cos(φ)) ρx + γM sin(φ)ρy
ρ˙y = −γ (N + 1/2−M cos(φ)) ρy + γM sin(φ)ρx − 4
T0
ρy
ρ˙z = −γ (2N + 1/2) ρz − γ − 4
T0
ρz (40)
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The limit T0 → ∞ corresponds to no measurement being done. For T0 →
0 equations (40) transform into equations (36). Then, for these kind of
measurements one obtains similar effects that those observed in the previous
section for the projective measurements.
6 Conclusion
We have presented an explicit example of a system where the appearance
of Zeno (or anti-Zeno) effect may be induced in a regime for which it would
decay exponentially if no measurements were done. Working with a two level
system in squeezed electromagnetic bath, we found that these effects may be
induced by choosing adequately the phase of the squeezing of the bath. This
result is interpreted as the natural result of the interaction of the equivalent
spin system with the fluctuating fictitious magnetic field.
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Figure 1: ρx(t, φ), ρx(0) = 0.2 , ρy(0) = −
√
1− ρx(0)2, ρz(0) = 0, N = 1,
γ = 1
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Figure 2: Fluctuations of the fictitious magnetic field.
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Figure 3: Solid line: P+(t). Dashed line: P
(cm)
+ (t, φ = 0). ρx(0) = 0.5,
ρy(0) = −
√
1− ρx(0)2, ρz(0) = 0, N = 1, γ = 1
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Figure 4: Solid line: P+(t). Dashed line: P
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+ (t, φZ). ρx(0) = 0.5, ρy(0) =
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1− ρx(0)2, ρz(0) = 0, N = 1, γ = 1
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Figure 5: Solid line: ρx(t) undisturbed. Dashed line: ρx(t) with measure-
ments. ρx(0) = 0.5, ρy(0) = −
√
1− ρx(0)2, ρz(0) = 0, φ = 0, N = 1,
γ = 1
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Figure 6: Solid line: ρx(t) undisturbed. Dashed line: ρx(t) with measure-
ments. ρx(0) = 0.5, ρy(0) = −
√
1− ρx(0)2, ρz(0) = 0, φ = φZ , N = 1,
γ = 1
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Figure 7: Solid line: ρx(t) undisturbed. Dashed line: ρx(t) with measure-
ments. ρx(0) = 0.5, ρy(0) = −
√
1− ρx(0)2, ρz(0) = 0, φ = φAZ , N = 1,
γ = 1
20
